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Abstract 

The main objective of this paper is to clarify the ontology of Dirac-Hestenes spinor fields 
(DHSF) and its relationship with even multivector fields, on a Riemann-Cartan spacetime 
(RCST) 9JI —{M,g,\/,Tg,^) admitting a spin structure, and to give a mathematically rigorous 
derivation of the so called Dirac-Hestenes equation [DHE) in the case where 931 is a Lorentzian 
spacetime (the general case when 9Jt is a RCST will be discussed in another publication). To this 
aim we introduce the Clifford bundle of multivector fields {C£{M, g)) and the left {C t'o^-p^-^c ^ (Af )) 
and right (C^spin= ^i^^)) spin-Clifford bundles on the spin manifold {A'I,g). The relation be- 
tween left ideal algebraic spinor fields (LIASF) and Dirac-Hestenes spinor fields (both fields are 
sections of C^spinf 3(^)) clarified. We study in detail the theory of covariant derivatives of 
Clifford fields as well as that of left and right spin-Clifford fields. A consistent Dirac equation 
for a DHSF ^ G secC^gpinj ^{M) (denoted DEC£') on a Lorentzian spacetime is found. We also 

obtain a representation of the DEC£' in the Clifford bundle C£{M,g). It is such equation that 
we call the DHE and it is satisfied by Clifford fields tps £ sec C£{M, g) . This means that to each 
DHSF € sec C^gpi^e ^{M) and to each spin frame H € secPspinf ^{M), there is a well-defined 
sum of even multivector fields i/'h G secC£{M,g) (EMFS) associated with ^. Such an EMFS 
is called a representative of the DHSF on the given spin frame. And, of course, such a EMFS 
(the representative of the DHSF) is not a spinor field. With this crucial distinction between 
a DHSF and its representatives on the Clifford bundle, we provide a consistent theory for the 
covariant derivatives of Clifford and spinor fields of all kinds. We emphasize that the DEC£' 
and the DHE, although related, are equations of different mathematical natures. We study also 
the local Lorentz invariance and the electromagnetic gauge invariance and show that only for 
the DHE such transformations are of the same mathematical nature, thus suggesting a possible 
link between them. 



*To appear in Journal of Mathematical Physics 45(7), 2945-2966 (2004). 
tE-mail: mosna@ifi.unicamp.br 

tE-mail: walrod@mpc.com.br or walrod@ime.unicamp.br 
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1 Introduction 



The main objective of this paper is to clarify the ontology of Dirac-Hestenes spinor fields (DHSF)^ 
on general Riemann-Cartan spacetimes {RCST) and to give a mathematically justified account of 
the Dirac-Hestenes equation [DHE) on Lorentzian spacetimes, subjects that have been a matter of 
many misunderstandings and controversies (as discussed in [33). Recall that the flat spacetime DHE 
represents the state of an electron by a map ^ with values in the even part of the Clifford algebra 
Mi_3. However, a covariant formulation of the DHE on a (possibly curved) Lorentzian spacetime 
M cannot promote 'S', in a canonical way, to a section of the Clifford bundle Ci{M,g) (whose 
objects transform as tensors and therefore cannot describe spin-1/2 particles). In DHSF on a 
Minkowski spacetime were defined as equivalence classes of Clifford fields. Here we follow a different 
approach, and define DHSF as even sections of an appropriate spinorial Clifford bundle. The objects 
satisfying the Dirac-Hestenes equation arc then even multivector fields which are representatives of 
DHSF on the tensorial Clifford bundle. Moreover, such a representative is manifestly spin-frame 
dependent, so that no contradiction arises in representing spinors by Clifford fields. 

To achieve our goals, we introduce in section 2 the Clifford bundle of multivector fields^ {C£{M, g)), 
and the left (Ci'gp^^,!^ ^{M)) and right (C€gpj,je ^ (M)) spin-Clifford bundles on the spin manifold 

{M,g), and study in detail how these bundles are related. Left algebraic spinor fields and Dirac- 
Hestenes spinor fields (both fields are sections of C^gpjj^e ^{M)) are defined and the relation between 

them is established. In section 4, a consistent Dirac equation for a DHSF * e secC£gpj„e ^ (Af ) 

(denoted DECt) on a Lorentzian manifold is found. In section 5, we obtain a representation of 
the DECl^ in the Clifford bundle, an equation we call the Dirac-Hestenes equation (DHE), which is 
satisfied by Clifford fields ips £ secC£{M,g). This means that to each DHSF * £ sec Clspini ^(M) 
and to each spin frame S G sec Pspin= 3 (M) there is a well defined sum of even multivector fields 
■0H e sec C£(M, g) (EMFS) associated with Such an EMFS is called a representative of the DHSF 
on the given spin frame. And, of course, such an EMFS (the representative of the DHSF) is not 
a spinor field. With this crucial distinction between a DHSF and their EMFS representatives, we 
present in section 5 an effective spinorial connection for the representatives of a DHSF on Ci{M,g), 
thus providing a consistent theory for the covariant derivatives of Clifford and spinor fields of all 
kinds. 

We emphasize that the DECl^ and the DHE, although related, are of different mathematical 
natures. This issue has been particularly scrutinized in sections 4 and 5. We study also the local 
Lorcntz invariance and the electromagnetic gauge invariance and show that only for the DHE such 
transformations are of the same mathematical nature, thus suggesting a possible link between them. 
In a sequel paper we are going to investigate this issue and also (a) the formulation of the DECi and 
DHE in an arbitrary Riemann-Cartan spacetime through the use of a variational principle^; (b) the 
theory of the Lie derivative of the LIASF and DHSF; and (c) the claim in 17^ that the existence 
of spinor fields in a Lorentzian manifold requires a minimum amount of curvature. This problem is 
important in view of the proposed teleparallel theories of the gravitational field. 

Finally, in the Appendix we derive some formulas employed in the main text for the covariant 
derivative of Clifford and spinor fields, using the general theory of covariant derivatives on associated 
vector bundles. In general, our notation corresponds to that in 34 . 

^For the genesis of these objects we quote 1191 . 

^Of course, all the results of the present paper could also be obtained in the case where C£{M,g) is a Clifford 
bundle of nonhomogeneous differential forms. 

^We shall use in our approach to the subject the techniques of the multivector and extensor calculus developed in 

E1,E3, 111,113, 111,123 and nn. 
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A few acronyms are used in the present paper (to avoid long sentences) and they are summarized 
below for the reader's convenience: 
DHE- Dirac-Hestenes Equation 
DHSF- Dirac-Hestenes Spinor Field 
DECi''- Dirac equation for a DHSF * e secC4pin= 3 (A^) 
EMFS- Even Multivector Fields 
LI ASF- Left Ideal Algebraic Spinor Field 
PFB- Principal Fiber Bundle 
RIASF- Right Ideal Algebraic Spinor Field 
RCST- Ricmann-Cartan Spacetime 

2 The Clifford Bundle of Spacetime and their Irreducible 
Module Representations 

2.1 The Clifford Bundle of Spacetime 

Let M be a four dimensional, real, connected, paracompact and noncompact manifold. Let TM 
[T*M] be the tangent [cotangent] bundle of M. 

Definition 1 A Lorentzian manifold is a pair iM,g), where g G secT^-OAf is a Lorentzian metric 
of signature (1,3), i.e., for all x G M, T^M ~ T*M ~ M}'^ , where 'E?-''^ is the vector Minkowski 
space. 

Definition 2 A spacetime is a pentuple (M, g, V, r^, t) where {M, g, Tg, t) is an oriented Lorentzian 
manifold (oriented by Tg) and time oriented by an appropriated equivalence relation"^ (denoted 1) 
for the timelike vectors at the tangent space T^M , Vx G M . V is a linear connection for M such 
that Vg = 0. 

Definition 3 Let T and R be respectively the torsion and curvature tensors of\I. If in addition to 
the requirements of the previous definitions, T(V) = 0, then 9Jt is said to be a Lorentzian spacetime. 
The particular Lorentzian spacetime where M ~ R"* and such that R(V) = is called Minkowski 
spacetime and will be denoted by M. When T(V) is possibly nonzero, OJl is said to be a Riemann- 
Cartan spacetime (RCST). A particular RCST such that R(V) = Q is called a teleparallel spacetime. 

In what follows Psoj 3 {M) denotes the principal bundle of oriented Lorentz tetrads.^ 
It is well known |32j that the natural operations on metric vector spaces, such as direct sum, 
tensor product, exterior power, etc., carry over canonically to vector bundles with metrics. 

Definition 4 The Clifford bundle of the Lorentzian manifold [M, g) is the bundle of algebras 

C£iM,g)^ y Ci{T,M,g.,), (1) 

where Ci(TxM, g^) is the Clifford algebra associated with {TxM,gx) (see, e.g., \!^4V - 

*See |35| for details. 

^We assume that the reader is acquainted with the structure of Psoj 3(^)5 whose sections are the time oriented 
and oriented orthonormal frames, each one associated by a local trivialization to a unique element of SOf ^{M). See, 
e.g., [1^1,1221,121 and 
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As is well known (0],|S],jnj) C£{M,g) is a quotient (or factor) bundle, namely 

where tM = ©^pTO-'^M and T'^^^^^M is the space of r-contravariant tensor fields, and J{M, g) is 
the bundle of ideals whose fibers are the two-sided ideals in tM generated by the elements of the 
form a^h + hi^a — 2g{a, b), with a,b € TM. In what follows, we denote the real Clifford algebra 
associated with R^'' by Rp^q. The even subalgebra of Rp^q will be denoted by R^^ (see, e.g., ^^). 

Let TTc : C£{M,g) M be the canonical projection of C£{M,g) and let {Ua} be an open 
covering of M. There are trivialization mappings ipi ■ ""(T^C^i) ^ Ui x Ri_3 of the form il^i{p) = 
{T:cip),'ipi,x{p)) = ix,tpi,x{p))- X e UiCiUj and p e 7r^i(a;), then 

ipi.xip) = h^j{x)'4'],x{p) (3) 

for hij{x) e Aut(Ri^3), where hij : Ui fl Uj Aut(Ri^3) are the transition mappings of C£{M,g). 
We know that every automorphism of Mi. 3 is inner and it follows that 

Kj{x)tl)j^x{p) ^ gtj{x)il;i^x{p)9ij{x)~'^ (4) 

for some gij{x) G M* 3, the group of invertible elements of Mi, 3. 

Now, the group SOi 3 has as it is well known (see, e.g., |21,[1I,[S],|2J,|33]) a natural extension in 
the Clifford algebra Ri,3. Indeed we know that R* 3 acts naturally on Ri,3 as an algebra automor- 
phism through its adjoint representation. A set of lifts of the transition functions of C£{M, g) is a 
set of Ri 3-valued functions {gij } such that if 

Ad : .g ^ Adg, 

Adg{a) ^ gag-\Va eRi,3, (5) 

then Adg. J. = hij in all intersections. 

Also^ 0- = Ad| Spinj 3 defines a group homomorphism a : Spiui 3 — > SOi 3 which is onto with kernel 
Z2. We have that Ad_i = identity, and so Ad : Spiui 3 Aut(Ri_3) descends to a representation 
of SOi 3. Let us call Ad' this representation, i.e.. Ad' : SOi 3 Aut(Mi,3). Then we can write 

From this it is clear that the structure group of the Clifford bundle C£{M,g) is reducible from 
Aut(Mi 3) to SOi 3. This follows immediately from the Lorentzian structure of {M,g) and the fact 
that C£{M,g) is the exterior bundle where the fibers are equipped with the Clifford product. Thus 
the transition maps of the principal bundle of oriented Lorentz tetrads Psoj ^i^) can be (through 
Ad') taken as transition maps for the Clifford bundle. We then have [5] 

C£{M,g) = PsouiM) XAd' Mi,3, (6) 

i.e., the Clifford bundle is an associated vector bundle to the principal bundle -PsO!;3(-^) of or- 
thonormal Lorentz frames. 

Definition 5 Sections of C£{M, g) are called Clifford fields J 



^Recall that Spin| 3 = {a £ 3 : aa = 1} ~ SL{2, C) is the universal covering group of the restricted Lorentz 
group SO^ 3. See, e.g.', HI . 

'^We note that the term CUfTord fields was used in 1341 for mappings from Minkowski spacetime to the Clifford 
algebra IRi,3. 
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2.2 Spinor Bundles 

Definition 6 A spin structure on M consists of a principal fiber bundle tt^ : ^Spin« 3 (M) M 
(called the Spin Frame Bundle), with group Spin^ 3, and a map 

s : PspintjM) ^ PsoijM) (7) 

satisfying the following conditions 

(i) 7t{s{p)) — TTsip) Vp G ^'spinj si^)^ tlic projcction map of the bundle Psof aC^)- 

(ii) s{pu) ^ s{p)Adu ,Vp e Pspinj,3(M) and Ad : Spin^f g -> Aut(Mi,3), Ad^ ' : Mi,3 3 x 
uxu^^ G Ml, 3. 

Recall that minimal left (right) ideals of Rp.g are left (right) modules for Rp^g i34|. In |34| . 
covariant, algebraic and Dirac-Hestenes spinors (when {p,q) = (1,3)) were defined as certain equiv- 
alence classes in appropriate sets, and a preliminary definition for fields of these objects living on 
Minkowski spacetime was given. We are now interested in defining algebraic Dirac spinor fields and 
also Dirac-Hestenes spinor fields, on a general Riemann-Cartan spacetime (definition 3), as sections 
of appropriate vector bundles (spinor bundles) associated to Pspin^ 3 (M). The compatibility between 
^Spinj (M) and Psoj (M), as captured in definitional is essential for that matter. 

It is therefore natural to ask the following: When does a spin structure exist on an oriented 
manifold M? The answer, which is a classical result ([I],|l|,[S],[in|,[IS|,Ell,El|-|SI],ESl,|S2), is 
that the necessary and sufficient conditions for the existence of a spin structure on M is that the 
second Stiefel- Whitney class W2{M) of M is trivial. Moreover, when a spin structure exists, one can 
show that it is unique (modulo isomorfisms) if and only if iJ^(A/, Z2) is trivial. 

Remark 7 For a spacetime 971 (definition 2), a spin structure exists if and only if Psof ^i^) is a 
trivial bundle. This was originally shown by Geroch \16f . 

Definition 8 We call global sections ^ G sec Psoj 3 (M) Lorentz frames and global sections S G 
sec Pspinj 3 (-^^) spin frames. 

Remark 9 Recall that a principal bundle is trivial if and only if it admits a global section. Therefore, 
Geroch's result says that a (noncompact) spacetime admits a spin structure if and only if it admits a 
( globally defined) Lorentz frame. In fact, it is possible to replace Psoj 3 i^i) ^'spinf 3 {^) *^ remark 
(see '161, footnote 25). In this way, when a (noncompact) spacetime admits a spin structure, the 
bundle Pspin= 3 (M) is trivial and, therefore, every bundle associated to it is also trivial. 

Definition 10 An oriented manifold endowed with a spin .structure will be called a spin manifold. 

We now present the most usual definitions of spinor bundles appearing in the literature* and 
next we find appropriate vector bundles such that particular sections are LI ASF or DHSF. 

Definition 11 A real spinor bundle for M is a vector bundle 

5(Af) = Pspi„j,3(M)x^,M (8) 

where M is a left module for Ki,3 and fii is a representation of Spin^ 3 on End(M.) given by left 
multiplication by elements o/Spin^g. 

*We recall that there are some other (equivalent) definitions of spinor bundles that we are not going to introduce 
in this paper as, e.g., the one given in in terms of mappings from Pspinj 3 to some appropriate vector space. 
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Definition 12 The dual bundle S*{M) is a real spinor bundle 

S*{M)^PspiniJM)x^^M* (9) 

where M* is a right module for R1.3 and /z^ is a representation o/Spin^ 3 in EndCM.) given by right 
multiplication^ by (inverse) elements of Spini ^. 

Definition 13 ^ complex spinor bundle for M is a vector bundle 

Sc{M) = Pspi„5,3(Af) x^^ Mc (10) 

where Mc is a complex left module for C0Mi^3 ~ M4 1 ~ C(4), and where Hc is a representation of 
Spin^ 3 in End(Mc) given by left multiplication by elements 0/ Spin^ 3. 

Definition 14 The dual complex spinor bundle for M is a vector bundle 

S:{M)=Pspini^{M)x^^M: (11) 

where M* is a complex right module for C (Ei Ri,3 — K4,i — C(4), and where fic is a representation 
0/ Spin^ 3 in End(M.c) given by right multiplication^ by (inverse) elements 0/ Spin^ 3. 

Taking, e.g., = C and /i^ the i:)(i/2,o) ^ £,(0,1/2) representation of Spin^ 3 = S'L(2,C) in 
End(C^), we immediately recognize the usual definition of the covariant spinor bundle of M as given, 
e.g., in I71,|Hl,|i,[ISl,|2ni and 

2.3 Left Spin-Clifford Bundle 

As shown in [S^, besides the ideal / — Ri^3^(l + i?o), other ideals exist in Mi^3 that are only alge- 
braically equivalent to this one. (This fact gives rise to a large class of multivector Dirac equations in 
flat spacetime, generalizing the Dirac-Hestenes equation [^HlEl-) In order to capture all possibilities 
we recall that Mi. 3 can be considered as a module over itself by left (or right) multiplication. We 
are thus led to the following definition. 

Definition 15 The left real spin-Clifford bundle of AI is the vector bundle 

C4pi„. JM) = Pspi„j,3(M) Ki^3 (12) 

where I is the representation 0/ Spin^ 3 on Ri_3 given by l{a)x — ax. Sections of Cig^^^-^c (M) are 
called left spin-Clifford fields. 

Remark 16 C^gpj^^e (A/) is a "principal M.i ^3- bundle", i.e., it admits a free action of on the 
right ''W, which is denoted by Rg, g ^ Ri,3- This will be considered in section 5. 

Remark 17 There is a natural embedding^^ Pgpine^(A/) > C£gpijje^(M) which comes from the 
embedding Spin^ 3 '-^ R53- Hence (as we shall see in more details below), every real left spinor 
bundle ( definition IJ,^) for M can be captured from C^gp;,jc ^ (M), which is a vector bundle very 
different from C£{M,g). Their relation is presented below, but before that we give the following 
definition. 

®More precisely, this means that given u £ Spin^ 3, a G M*, fir{u)a = au~^, so that iir{uu')a = a{uu')~^ = 
au'~^u~^ = IJ,r{u)lJ,r{u')a. 

^"The symbol A "-^ B means that A is embedded in B and AQ B. 
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Definition 18 LetI{M) he a suhhundle ofCii^p^^^c ^{M) such that there exists a primitive idempotent 
e o/Ri_3 (see, e.g., ^4^) with 

R^^i = *e = ^' (13) 

for all ^ e sec/(Af) C secCi?gpjj^e (Af). Then, I{M) is called a suhhundle of left ideal algehraic 
spinor fields. Any ^ G sec/(M) C secC£gp;„e ^(M) is called a left ideal algebraic spinor field 
(LI ASF). I{M) can be thought of as a a real spinor bundle for M such that M in Eq.^^ is a 
minimal left ideal o/Ri^3. 

Definition 19 Two subbundles I{M) and I'{M) of LI ASF are said to he geometrically equivalent 
if the idempotents e,e! G Mi. 3 (appearing in the previous definition) are related by an element u 6 
Spin^ 3, i.e., e' = ueu~^. 

Definition 20 The right real spin-Clifford bundle of M is the vector bundle 

Cei^^^.jM) = FspinjjM) X, Mi,3. (14) 

Sections 0/ C^gpjj^e ^ ( Af) are called right spin- Clifford fields 

In Eq. H14|l r refers to the representation of Spin^ 3 on R1.3 given by r(a)x = xa^^ . As in the 
case for the left real spin-Clifford bundle, there is a natural embedding Pspinj 3(-^-^) ^ ^^^■pin'^ ^-^'-^^ 
which conies from the embedding Spin^; 3 ^ Mj'3. There exists also a natural left action La of 
a e ]Ri_3 on C^gpjjje ^(Af)- This will be proved in section 5. 

Definition 21 Let I*(M) he a suhhundle ofCigp-^^c ^{M) such that there exists a primitive idempo- 
tent element e o/Ri^3 with 

Le* = e* = * (15) 

for any ^ £ sec/*(Af) C secC^gpjjjc ^ (Af ). Then, I*{M) is called a suhundle of right ideal algebraic 

spinor fields. Any 5* g sec/*(Af) C secC^gpjj^c ^(Af) is called a right ideal algehraic spinor field 

(RIASF). I*{M) can be thought of as a a real spinor bundle for M such that M* in Eq. 0) is a 
minimal right ideal o/Ri^3. 

Definition 22 Two subbundles I*{M) and I*'{M) of RIASF are said to he geometrically equivalent 
if the idempotents e,e' G Ri,3 (appearing in the previous definition) are related by an element u 6 
Spinjg, i.e., e' = ueu~^. 

Proposition 23 In a spin manifold, we have 

C£{M,g) = Pspini JM) XAdMi,3. 

Proof. Remember once again that the representation 

Ad : Spin^ 3 — > Aut(Ri^3) Ad„a = uau~^ u G Spin^ 3 

is such that Ad_i = identity and so Ad descends to a representation Ad' of SO^ 3 which we considered 
above. It follows that when Fgpinj ^(Af) exists C£{M,g) = Pspinf ^{M) XacI Ri,3-> 
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2.4 Bundle of Modules over a Bundle of Algebras 

Proposition 24 S{M) (or Cil^p-^^.^ JM)) is a bundle of (left) modules over the bundle of algebras 
C£{M,g). In particular, the sections of the spinor bundle S{M) (or Cii^^^^c ^(M)J constitute a module 
over the sections of the Clifford bundle. 

For the proof, see jHj, page 97. 

Corollary 25 Let $, * e sec C4pin= 3 (^^) o-nd * 7^ 0. Then there exists ip £ secC£{M,g) such 
that 

^' = V$. (16) 
Proof. It is an immediate consequence of proposition 1241 B 

So, the coroUary allows us to identify a correspondence between some sections of Cl{M, g) and 
some sections of I{M) or C^gpin= ^{^^) once we fix a section on Cfgpij^e (M). This and other corre- 
spondences will be essential for the theory of section 5. Once we clarified the meaning of a bundle 
of modules S{M) over a bundle of algebras C£{M,g), we can give the following. 

Definition 26 Two real left spinor bundles (see definition \15\} are equivalent if and only if they are 
equivalent as bundles of C£(M, g) modules. 

Remark 27 Of course, geometrically equivalent real left spinor bundles are equivalent. 

Remark 28 In what follows we denote the complexified left spin Clifford bundle by C£'gp^^c (M) — 
^Spin= (M) Xi C(g)Ri.3 = Pspin^ . (M) x^. M4 i and the complexified right spin Clifford bundle by 



3 Dirac-Hestenes Spinor Fields 

Let E^, /i = 0, 1, 2, 3 be the canonical basis of R^'^ ^ ^1,3 which generates the algebra Mi, 3. They 
satisfy the basic relation E^E"" + E'^E^ 277^". As shown, e.g., in jSl], 



e=i(l + E°) gKi,3 (17) 



is a primitive idempotent of Ri 3 and 



f =i(l + E0)i(l + 2E2Ei) eC®Ri,3 (18) 

is a primitive idempotent of C (8) Ri,3. Now, let I =Ri 3e and Iq ~ C (E) Ri,3f be, respectively, the 
minimal left ideals of R1.3 and C (8) Ri,3 generated by e and f . Let cj) = (pe El and \J' = ^f e Ic. 
Then, any e I can be written as 

= i/>e (19) 
with ip gRJ 3. Analogously, any 'S' g Ic can be written as 

* = 7/>ei(l + iE2Ei), (20) 

with ^ eRj 3. 
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Now, C O Ml. 3 ~ ~ C(4), where C(4) is the algebra of the 4x4 complex matrices. We can 
verify that 



/ 1 











\ 




























I 











/ 



(21) 



is a primitive idempotent of C(4) which is a matrix representation of f . In this way we can prove 
(as shown, e.g., in |34p that there is a bijection between column spinors, i.e., elements of (the 
complex 4-dimensional vector space) and the elements of Ic. AH that, plus the definitions of the left 
real and complex spin bundles and the subbundle I{M) suggests the following. 

Definition 29 Let $ £ sec/(M) C secC^gpinj 3 (-^^) ''^ deRnition MSl i.e., 

i?e$ = $e = $, = e = i(l + E°) e Ri,3. (22) 

A Dirac-Hestenes Spinor field (DHSF) associated with $ is an even seciion" -0 of Cii^p-^,, ^{M) such 
that 

$ = i^e. (23) 

Remark 30 An equivalent definition of a DHSF is the following. Let ^ G secC^gp;,jc (M) be such 
that 

i?f^' = M = 'J', f2 = f = i(l + E")i(l + ?:e2e1) e C® Mi,3. (24) 

Then, a DHSF associated with ^ is an even section t/j of C^pj^. ^ (M) C C^pj^. ^ (M ) such that 

* = tpt. (25) 

Remark 31 Ln what follows, when we refer to a Dirac-Hestenes spinor field ip we omit for simplic- 
ity the wording associated with $ (or"^). It is very important to observe that DHSF are not sums of 
even multivector (tensor) fields although, under a local trivialization, ip G sec C-^gpjj^e (M) is mapped 
on an even element o/Ri^a. We emphasize that DHSF are particular sections of a spinor bundle, 
not of the Clifford bundle. However, we show in section 5 how these objects have representatives in 
the Clifford bundle. 

4 The Many Faces of the Dirac Equation 
4.1 Dirac Equation for Covariant Dirac Fields 

As is well known a covariant Dirac spinor field is a section \t' e seciS'c(A/) — Pspin« ^{M) x^, C^*. 
Let {U — A/, $), <i>('4') = {x,\'^{x))) be a global trivialization corresponding to a spin frame S 
(definition |SJ) , such that 

siE) = {ej e Psoi,iM), e'^ e sec C£(M, 5), 
e'^e^ + e''e" = 2^y°^ a, 6 = 0,1, 2, 3. (26) 
^^Note that it is meaningful to speak about even (or odd) elements in Ci^^^^^c (Af) since Spinf 3 C 3. 
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The usual Dirac equation in a Lorentzian spacetime for the spinor field '4' — in interaction with an 
electromagnetic field'^^ A S sec A\M) C secC£{M,g) — is then [TTl 

«7"(V:„ + iqA,)\^{x)) ~ m|*(x)) = 0, (27) 

where 7° G C(4), a = 0, 1, 2, 3, is a set of constant Dirac matrices satisfying 

tV + iS^^V''- (28) 
4.2 Dirac Equation in C£^pi^e^(M,5f) 

Due to the one-to-one correspondence between ideal sections of Cig^^^e {M), C^gpjj^c (M) and of 
Sc{M) as explained in section 3, we can translate the Dirac equation (|27|) (for a covariant spinor field) 
into an equation for a spinor field that is a section of C^gpjjjc jj(-^)j and finally write an equivalent 

equation for a DHSF ip £ sec Ci^gpij^e ^ (M). In order to do that we introduce the spin-Dirac operator. 

Definition 32 The (spin) Dirac operator acting on sections of Ci'gp^^e (M) is the first order dif- 
ferential operator 

D'^e^Vl^. (29) 
where {e""} is as in Eq. Y2b]) and V* is the spinor covariant derivative (see the Appendix) . 

Now we give the details of the inverse translation. We start with the following equation which 
we call the Dirac equation in C^gpjj^c ^(Af): denoted DECi^ : 

D'^Y?^ - mV'E° - qAtj) = (30) 

where ^ e secC£^pi„e ^ (M) is a DHSF and E'^ e Mi,3 are such that E'^E''-|-E^E'^ = 2if''. Multiplying 

Eq. llSnj) on the right by the idempotent f =i(l E°)i(l + iE^E^) e C ® ]Ri,3, we get after some 
simple algebraic manipulations the following equation for the (complex) left ideal spin-Clifford field 
M'-^f esecC4pi„e^(M): 

iD"-^ -m-^ -qA-^ ^Q. (31) 

Now we can easily show, using the methods of |34j, that given any global trivializations {U — 
M, 8) and {U = M, $), oiC£(M,g) and C^gpj^e S^^' there exists matrix representations of the {e'^} 
that are equal to the Dirac matrices 7" (appearing in Eq. Ij^i that way the correspondence 

between Eqs. (H?)), and (j2U is proved. 

Remark 33 We emphasize at this point that we call Eq. \H(f\l the DECi'' . It looks similar to the 
Dirac-Hestenes equation (on Minkowski spacetime) discussed in but it is indeed very different 

from it, regarding its mathematical nature. The DECl'' is an intrinsic equation satisfied by a legit- 
imate spinor field, namely a DHSF ip G ^^'^^^Spin^. (-^^)- question naturally arises: May we 
write an equation with the same mathematical information of Eq. li!^(Jj) but satisfied by objects living 
on the Clifford bundle C£{M,g) of an arbitrary Lorentzian spacetime, admitting a spin structure? In 
the next section we .show that the answer to that question is yes. 

'^•^We denote the space of sections of p-vectors by sec /\^{M). 



10 



4.3 Electromagnetic Gauge Invariance of the DECi'' 

Proposition 34 The DECi^ is invariant under electromagnetic gauge transformations 



^^^/ ^^e"^^'''^, (32) 

A^A + dx, (33) 

i^Ca ^ (34) 

V',V''GsecC4pi„.^^(M) (35) 

A e sec /\\m) C sec ^(M, g) (36) 



with ip' DHSF, and where x : Af ^ R C Mi,3 is a gauge function. 

Proof. The proof is obtained by direct verification. ■ 

Remark 35 We note that, for the DEC£\ local rotations and electromagnetic gauge transformations 
are very different mathematical transformations, without any obvious geometrical link between them, 
differently of what seems to be the case for the Dirac-Hestenes equation, which is studied in the next 
section. 

5 The Dirac-Hestenes Equation {DHE) 

We obtained above a Dirac equation, which we called DECi\ describing the motion of spinor 
fields represented by sections \& of Cl'gp^^e (M, g) in interaction with an electromagnetic field 

A € sec Ci{M,g), 

D'^^-E^^ - gA* = TO*E°, (37) 

where — e^Vg , {e"} is given by Eq. 126|l . Vg is the natural spinor covariant derivative acting on 
sec C4pin5 3 (M, g) (see the Appendix), and {E"^} £ B}'^ C Mi^g is such that E''E^+E''E'' = 27]"^. As 

we already mentioned, although Eq. (|S7|l is written in a kind of Clifford bundle (i.e. C£gpi„e ^ (M, g)), 
it does not suffer from the inconsistency of representing spinors as pure differential forms and, in 
fact, the object ^ behaves as it should under Lorentz transformations. 

As a matter of fact, Eq. H37I) can be thought of as a mere rewriting of the usual Dirac equation, 
where the role of the constant gamma matrices is undertaken by the constant elements {E"^} in Ki^3 
and by the set {e"}. In this way, Eq. H37|l is not a kind of Dirac-Hestenes equation as discussed, 
e.g., in It suffices to say that (i) the state of the electron, represented by is not a Clifford 
field and (ii) the E°'s are just constant elements of Ki_3 and not sections of vectors in C£{M,g). 
Nevertheless, as we show in the following, Eq. H37(l does lead to a multivector Dirac equation once 
we carefully employ the theory of right and left actions on the various Clifford bundles introduced 
earlier. It is the multivector equation^'^ to be derived below that we call the DHE. We shall need 
several preliminary results that we collect in the next two subsections. 

5.1 The Various Natural Actions on the Vector Bundles Associated to 

Recall that, when M is a spin manifold the following occurs. 

Of course, we can write an equivalent multiform equation. 
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(i) The elements of Ci{M, g) = Pspinf 3 {M) x ^^^1,3 are equivalence classes [{p, a)] of pairs {p, a), 
where p G -Pspin:; si^)' ^ ^ ^i.s ^'^'i (P' ^) (p'' p' = pu~^, a' = uau~^, for some u G Spin^ 3. 

(ii) The elements of Ci?gpi„j^(M) are equivalence classes of pairs (p, a), where p G FspinjgCAf), 
a G Ml, 3 and {p, a) ~ {p', a') <^ p' = a' = ua, for some u G SpinJ 3. 

(iii) The elements of Cigp^^^ ^'^^ equivalence classes of pairs (p, a), where p G Pspinf gC^f), 
a G Ml, 3 and (p, n) ^ (p', n') <^ p' = pvr^ , a' = avr^, for some ?i G Spin^ 3. 

In this way, it is possible to define the following natural actions on these associated bundles. 

Proposition 36 There is a natural right action of Mi, 3 on Cig^^^e (M) and a natural left action 

ofRi.^3 onCrsp,^.^^iM,g). 

Proof. Given b G Mi, 3 and a G Cig^-^^c {M,g), select a representative (p, a) for a and de- 
fine ab := [{p,ab)] G C^gpi^^e ^ (M, (/). If another representative {pu~^,ua) is chosen for a, we have 
{pu~^, uab) ~ (p, ab) and thus ab is a well-defined element of Cl^^^^e ^{M)M 

Let us denote the space of Mi,3-valued smooth functions on M by .F(M, Mi,3). Then, the above 
proposition immediately yields the following. 

Corollary 37 There is a natural right action o/.F(M, Mi,3) on secC^gpj^e (M) and a natural left 
action of J^{M, Ri^3) on sec C^^pj^e ^(M, 5). 

Proposition 38 There is a natural left action of sec C£{M,g) on sec C^gpjj^e ^ (M) and a natural 
right action of secCi{M,g) on sec C^gpij,e ^ (M) . 

Proof. Given a G sec C£{M,g) and /3 G secC^gpi^e ^{M,g), select representatives (p, a) for a{x) 
and (p, 6) for (with p G 7r~^(.T)) and define (a/3)(x) := [(p, a6)] G Cfgpi„e ^ (M, gi). If alternative 
representatives {pu~^,uau~^) and {pu~^,ub) are chosen for a{x) and we have 

{pu~^ ,uau~^ub) = {pu~^,uab) ~ {p,ab) 

and thus (a/3) (a;) is a well-defined element of Cl^^^^^e ^{M,g)M 

Proposition 39 There is a natural pairing 

secC4pi„e^(M) X secCrgpi„.^(M) ^ sec«(M,5). 

Proof. Given a G ^^^01^^^^^^ ^{M) and /3 G secC^gpjj^c ^(M), select representatives (p, a) for 

a{x) and {p,b) for (3{x) (with p G 7r^^(x)) and define (a/3)(x) := [{p,ab)] G Ci{M,g). If alternative 
representatives {pu^^,ua) and {pu~^, bu~^) are chosen for a{x) and /3(a;), we have {pu~^, uabu~^) ~ 
{p,ab) and thus (Q/3)(a;) is a well-defined element of Ci{M,g)M 

Proposition 40 There is a natural pairing 

secCespintJM) X secC4pi„e^(M) ^ ^^(M.Mi.s). 

Proof. Given a G secC^gpjj^e ^ (M) and /3 G secC^gpjj^e ^ (M), select representatives (p, a) for a(a;) 

and (p, &) for /3(x) (with p G 7r~"'^(x)) and define (al3){x) := a6 G Mi, 3. If alternative representatives 
{pu~^,au~^) and {pu~^,ub) are chosen for a{x) and /3(x), we have au~^ub = ab and thus (a/3)(x) 
is a well-defined element of Mi,3.B 
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5.2 Fiducial Sections Associated with a Spin Frame 

We start by exploring the possibility of defining "unit sections" on the various vector bundles as- 
sociated with the principal bundle Pgpinj^(M). It immediately follows from the definition given 
by Eq. ^ that the unit section 1 S secC£{M, g), given by x t-^ 1 € C£{TxM, g^), is certainly well 
defined. For future reference, let us consider how this can also be seen from the associated bundle 
structure of Pspini .^{M) Xad ^i,3- 
Let 

: TT'\Ui) -^UiX Spini 3, $j : 7r-\Uj) Uj x Spin^ 3 
be two local trivializations for Pspin^ with 

(^i{u) = {^{u) = X, 4>i.x{u)), ^j{u) = (7r(u) = X, (j>j^x{u)). 

Recall that the corresponding transition function gtj : Ui H Uj — > Spin^ 3 is then given by 

gtj{x) = (j)i^x[u) o 4)j^x{uy^, 

which does not depend on u. 

Proposition 41 Ci{M, g) has a naturally defined global unit section. 

Proof. For the associated bundle C£{M,g) — Pspin= (M) XAd Ki,3, the transition functions 
corresponding to local trivializations 

:7r-i(C/,)-.C/, xKi,3, ^r- ^c\Uj) ^ U, x Ri^s, (38) 
are given by hij{x) = Adg.^(^^y Define the local sections 

Uix) = ^~\x, 1), l,{x) = vI/Ti(x, 1), (39) 

where 1 is the unit element of R1.3. Since hij{x) ■ 1 = Adg.^(^^-j(l) — gij{x)lgij{x)^^ — 1, we see that 
the expressions above uniquely define a global section 1 eC£{M,g) with = 

It is clear that such a result can be immediately generalized for the Clifford bundle C£p_q {M, g) , 
of any n-dimensional manifold endowed with a metric of arbitrary signature (p, q) (where n ~ p + q). 
Now, we observe also that the left (and also the right) spin-Clifford bundle can be generalized 
in an obvious way for any spin manifold of arbitrary finite dimension n = p + q, with a metric of 
arbitrary signature {p, q). However, another important difference between C£{M, g) and C£'g^-^^e (M) 
or C^gpjj^e ^ (M, g) is that these latter bundles only admit a global unit section if they are trivial. 

Proposition 42 There exists a unit section on Cfgpjj^c (M) (and also on C£'gp^^c (M)) if and only 
'if ^Spinjj ^ (M) is trivial. 

Proof. We show the necessity for the case of C^gpjj^c {M),^'^ the sufficiency is trivial. For 
^^Spin" the transition functions corresponding to local trivializations 

: TT-\U.,) ^U,x Rp,„ : tt^,\Uj) ^ U, x R.p,g, (40) 

The proof for the case of C^Line (M) is analo gous. 
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are given by kij{x) = Rg..(^x), with Ra : Mp,^ — > i-^ xa~^ . Let 1 be the unit element of Ri,3. 

A unit section in Cigp^^^c (M) — if it exists — is written in terms of these two local trivializations 
as 

ir(x)-f7ri(x,l), l-{x) = nj\x,l), (41) 

and we must have l[(a;) = Vx e C/i fl Uj. As f2i(l[(a;)) = {x,l) = ^j{V^{x)), we have 

l[(a;) — <^ 1 = fcij (s) • 1 1 = l5y(a:)^^ <J=> gij{x) = 1. This proves the proposition. ■ 

Remark 43 For general spin manifolds, the bundle Pspin= (M) is not necessarily trivial for ar- 
bitrary {p,q), but Geroch's theorem (remark\^ warrants that, for the special case {p,q) = (1,3) 
with M noncompact, Pspin= 3 (M) is trivial. By the above proposition, we then see that Ci^p^^^ ^ (M) 

and also C£gp;„e ,^{M) have global "unit sections". R is most important to note, however, that each 

different choice of a (global) trivialization Qi on Cigp^^c ^{M) (respectively, Clg^^^c {M)) induces a 

different global unit section 1[ (respectively, Therefore, even in this case there is no canonical 

unit section on C£gp-^^e ^ {M, g) ( respectively, on Cfgpjj^c ^ (M, g) ). 

By remark |51 when the (noncompact) spacetime M is a spin manifold, the bundle Ps-pini^{M) 
admits global sections. With this in mind, let us fix a spin frame S for M . This induces a global 
triviahzation for Pspin= ^{^), which we denote by $h : Pspinj ^i^H M x Spin'j 3, with $^^(x, 1) = 
S(a;). As we show in the following, the spin frame S can also be used to induce certain fiducial global 
sections on the various vector bundles associated with Pspinj ^i^)- 

(i) Ci{M,g) Let {E°} be a fixed orthonormal basis of R^'^ C 3 (which can be thought of 
as the canonical basis of M^"'^). We define basis sections in C£{M,g) = Pspinf ^{M) x^^i Mi 3 by 
ea{x) = [(S(x),Ea)]. Of course, this induces a multivector basis {e/(a;)} for each x G M. Note that 
a more precise notation for would be, for instance, ei"^ . 

(ii) C^pinj Let iL e sec C^pinj 3 (A^) be defined by l^x) = [{E{x), 1)]. Then the natural 
right action of Ki^3 on C£gpi,-,e ^ (Af) leads to lL(a;)a = [(S(a;),a)] for all a G It follows 
from corollary 123 that an arbitrary section a G secC£gpi„e (M) can be written as a = 1=/, with 
/G^(M,IRi^3). 

(iii) C£spin=3(A'/,<?) Let 1^ G secC^^pj^e ^(M, g) be defined by l^{x) = [{E{x),l)]. Then the 
natural left action of IRi_3 on C£l^p^^a ^{M) leads to al^{x) = [{E{x),a)] for all a G Mi, 3. It follows 
from corollary 123 that an arbitrary section a G secC^gpj^e (M) can be written as a = /l^, with 
/G^(A/,Mi,3). 

Now recall (definition |SJ| that a spin structure on M is a 2-1 bundle map s : fspin=3(A^) 
Psoi^iM) such that s{pu) = s{p)Adu, Vp G Pspinj ^(M), u G Spiui 3, where Ad : Spiui 3 SOi 3, 
Adu : X ^ uxu~-^. We see that the specification of the global section in the case (i) above is 
compatible with the Lorentz frame {ca} — s(S) assigned by s. More precisely, for each x G M , the 
element s(S(x)) G Psoj si-^) ^'^ regarded as a proper isometry s(S(a;)) : M^''^ T^M, so that 
ea{x) := s{p) ■ Eq yields a Lorentz frame {ca} on M, which we denoted by s(S). On the other hand, 
Ci{M,g) is isomorphic to Pspinj ^i^) Xj^^i Mi, 3, and we can always arrange things so that ea{x) is 
represented in this bundle as ea{x) = [{E{x),'Ea)] ■ In fact, all we have to do is to verify that this 
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identification is covariant under a change of frames. To see that, let S' G sec Pspinj 3 {M) be another 
spin frame on M. From the principal bundle structure of -Pspinj 3 (Af), we know that, for each 
X S M, there exists (a unique) u{x) £ Spin^ 3 such that S'(a;) = S(x)u(a:). If we define, as above, 
e'Jx) = s{E'{x)) ■ Ea, then e'^{x) = s{E{x)u{x)) ■ = s{E{x))Ad^^^) ■ E^ = Ad^^^) ■ E^)] = 

[(E{x)u{x) ,Ea)] — Ea)], which proves our claim. 

Proposition 44 

ft) Ea = ll{x)ea{x)ll{x), yx S M, 
("uj lU^ = 1 e CiiM,g), 
ftii) 1^1^ = 1 e Mi,3. 

Proof. This follows from the form of the various actions defined in propositions I36I4UI For 
example, for each a; G M, we have V^{x)ea{x) = [(S(x), lEa)] = [(S(a;),Ea)] G secC^gpj^^e ^(M) 

(from proposition I38|) . Then, it follows from proposition 0U| that V^{x)ea{x)l'h{x) = E^l = Eq 
Vx G MM 

Let us now consider how the various global sections defined above transform when the spin 
frame S is changed. Let S' G secPspin^ ^(M) be another spin frame with E'{x) — E{x)u{x), where 

u{x) G Spin^ 3. Let ea, 1^, 1^ and ej,, l^/, iL/ be the global sections, respectively, defined by S and 
S' (as above). We then have the following. 

Proposition 45 Let S, S' be two spin frames related by S' = Eu, where u : M Spin^ 3. Then 

it) < = UeaU-' 

(m) iL, = lU = c/iL, 

(zm) 1^, ^^u-il^ = l^C/-\ (42) 

where U G secC£(Af,g) is the Clifford field associated with u by U{x) = [{E{x),u{x))]. Also, in fti) 
and (Hi), u and u^^ , respectively, act on Ig G secC^gpj^c (M) and Ig G secC^gpj^e (M) according 
to proposition \3T\ 

Proof, (i) We have 

e',{x)^[{E'ix),E,)] = [{Eix)u{x),E,)] 
= [{E{x),uix)'Eauix)-^)] 
= [iEix),u{x)mEix),Ea)]mx),u{x)-')] 

^U{x)ea{x)U{x)-\ (43) 

(iii) It follows from proposition 1381 that 

lUx)^[{E'{x),l)] = mx)u{x),l)] 

= [{E{x)M{x)-^)] = [{E{x),u{xr^)]^u{xrHl{x), (44) 

where in the last step we used proposition |23 and the fact that V^ix) = [{E{x), 1)]. To demonstrate 
the second part, note that 

u-\x)lUx)^[iEix),uixr')] 

^ [{E{x),lu{xr')] = [{E{x),l)] [{E{x),u{x)-')] 

^lUx)U-\x), (45) 
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for all X G M. It is important to note that in the last step we have a product between an element of 
C^Spin=,3W (i-e., [(S(x),l)]) and an element oia{M,g) (i.e., ).■ 

We emphasize that the right unit sections associated with spin frames are not constant in any 
covariant way. In fact, we have the following. 

Proposition 46 Let 15; G secC^gpij^e ^{M) he the right unit section associated to the spin frame S. 
Then 

^lM = -\-^B^e., (46) 

where uJe^ is the connection 1-form (proposition \54{ written in the basis {ca}- 
Proof. It follows from Eq. (|71|l of the Appendix. ■ 



5.3 Representatives of DHSF on the Clifford Bundle 

Let {E"} be, as before, a fixed orthonormal basis of M}'^ C Mi. 3. Remember that these objects are 
fundamental to the Dirac equation in terms of sections '3/ of Cig^^^-^^ ^ {M, g): 

D^^E^^ - qA^ = m*E°. 

Let S G secPspinj ^{M) be a spin frame on M and define the sections iL, 15; and Ca, respectively 
on C^gpijje ^(-M), C£gpi„e g(-W) and C£{M,g), as above. Now we can use proposition^^ to write the 
above equation in terms of sections of C£{M, g) : 



{D''^)lle^^ll - qA'^ = m^iy°lL 
Right-multiplying by 1^ yields, using proposition 1441 

e"(V^^*)i;e2i - qA^ll = m*l^e°. 
It follows from proposition 1591 that 

= Ve„(*i;) + i*l^C.a, 

where proposition 1461 was employed in the last step. Therefore 



(47) 



(48) 



e^i -qyl(*i;) = m{^ll)e° 



(49) 



(50) 



Thus it is natural to define, for each spin frame S, the Clifford field -03 G sec C£{M, g) (see proposition 
Eg by 

0^3:=*!;. (51) 



We then have 



^21 



(52) 



A comment about the nature of spinors is in order. As we repeatedly said in the previous sections, 
spinor fields should not be ultimately regarded as fields of multivectors (or multiforms), for their 
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behavior under Lorentz transformations is not tensorial (they are able to distinguish between I-k and 
47r rotations). So, how can the identification above be correct? The answer is that the definition 
in Eq. (|51|l is intrinsically spin- frame dependent. Clearly, this is the price one ought to pay if one 
wants to make sense of the procedure of representing spinors by differential forms. 

Note also that the covariant derivative acting on V'h in Eq. H52|l is the tensorial covariant derivative 
Vy on C^(M, (7), as it should be. However, we see from the expression above that always acts 
on "02 together with the term ^'0H^a- Therefore, it is natural to define an "effective covariant 

is] 

derivative" Vy acting on by 

Vi^^Vs := Va^H + ^Vsc^a. (53) 

Then, proposition 1541 vields 

V(:)^H=ae„(^H) + ic^aV'H, (54) 

which emulates the spinorial covariant derivative^^, as it should. We observe moreover that if 
\J S sec Cl(M, g) and if -02 S sec C£{M, g) is a representative of a Dirac-Hestenes spinor field then 

Vi'J (C/V'h) = (Ve„ U) ^B. + f/V("J Vh (55) 

With this notation, we finally have the Dirac-Hestenes equation for the representative Clifford 
field -0= S secC£(M, g), on a Lorentzian spacetime^^: 

e^Vi^j^se^^ - gA0H = mV'se", (56) 

where ijjs is the representative of a DHSF ^ of C^gpjj^e ^(Af, g), relative to the spin frame S. 

Let us finally show that this formulation recovers the usual transformation properties character- 
istic of the Hestenes's formalism as described, e.g., in [SJ. For that matter, consider two spin frames 
SjE!' G sec Pspin= 3 (M), with S'(a;) = 'E.{x)u{x)^ where u{x) 6 Spin^ 3. It follows from proposition 
02]that = SI/lL ~ '^u^^lt. — '^l^U^ — iPeU'-^. Therefore, the various spin frame dependent 
Clifford fields from Eq. (|56|l transform as 

el = UeaU-\ (57) 

These are exactly the transformation rules one expects from fields satisfying the Dirac-Hestenes 
equation (see, e.g., ^^). 

5.4 Bilinear Covariants 

5.4.1 Bilinear Covariants Associated to a DHSF 

We are now in position to give a precise definition of the bilinear covariants of the Dirac theory, 
associated with a given DHSF. 

Definition 47 Recalling that /\^{M) ^ C£{M, g), p = 0, 1, 2, 3, 4, and recalling vrovositions \SfA and 
\4U\ the bilinear covariants associated to a DHSF ^ G sec C^gpj^^e (A/) (and ^ G secC^gpj^^e (Af)) 

^^This is the derivative used in |34|. there introduced in an ad hoc way. 

^^The DHE on a Riemann-Cartan spacetime will be discussed in another publication. 
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are the following sections of C£{M, g): 



S = a + e5Uj e sec(/\"(M) + /\\m)), (58) 

J= ^Eo* e sec/\\M), K = ^Eg* G sec/\\M), 
M = *Ei2* e sec f\{M), 
where ^ = '^'^(1 + Eq), and 65 = 60616263. 

Remark 48 Of course, since all bilinear covariants in Eq. f58\) are sections of C£{M, g), they have 
the right transformation properties under arbitrary local Lorentz transformations, as required. As 
shown, e.g., in JjElf these bilinear covariants and their Hodge duals satisfy a set of identities, called 
the Fierz identities (see, e.g., \S4\ ) that are crucial for the physical interpretation of the Dirac 
equation (in first and second quantizations) . 

Remark 49 Crumeyrolle jlUlj gives the name of amorphous spinor fields to ideal sections of the 
Clifford bundle C£{M,g). Thus an amorphous spinor field (j) is a section of Ci{M, g) such that 
(f>P — (j), where P = is an idempotent section of C£{M, g). However, these fields and also the 
so-called Dirac-Kdhler fields f^l ^ .\2U l/ ). which are also sections of C£{M, g), cannot be used in a 
physical theory of fermion fields since they do not have the correct transformation law under a 
Lorentz rotation of the local spin frame. 

5.4.2 Bilinear Covariants Associated with a representative of a DHSF 

We note that the biUnear covariants, when written in terms of := '^/l^, read (from proposition 
EH) as 

S = ^PsiJs = (T + 65 G sec(/\°(M) + f\(M)), 

.1 ~ .1 

J = -^|JE.eQ^pB. e sec/\ (M), K = V'sesV'H e sec/\ (M), 

M = ipseie2ipsescc f\ (M), 
where 65 = 69616263. These are all intrinsic quantities, as they should be. 

5.5 Electromagnetic Gauge Invariance of the DHE 

Proposition 50 The DHE is invariant under electromagnetic gauge transformations 

Vh = V'H6«'=^i^, (59) 
A^ A + dx, (60) 

UJe^ ^ We„ (61) 

where -02, ''/'h G sec C^°(M, 5), A G sec/\^{M) C sec C£{M,g) and where x ^ sec/\°{M) C 
secC£{M, g) is a gauge function. 

Proof. It is a direct calculation. ■ 

But, what are the meanings of these transformations? Ea. H59|l looks similar to Eq. (|57|l defining 
the change of a representative of a DHSF once we change spin frame, but here we have an active 
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transformation, since we did not change the spin frame. On the other hand, Eq. H6U|I does not 
correspond either to a passive (no transformation at all) or active local Lorentz transformation for 
A. Nevertheless, writing x — Bjl yields 



= COS 




qQ + sin q9 e 



2 



^-qe^^0/2^2^qe^^0/2 ^ g/2 



sing^ + cos q9 e^. 



(62) 



We see that Eqs. H62|) define a spin frame S' to which corresponds, as we already know, a basis 
{e'0,e'i,e'2,e'3} for A (A/) ^ C£{M,g). We can then think of the electromagnetic gauge transfor- 
mation as a rotation in the spin plane e^^ by identifying ip'-^ in Eq. H59|l with ip-^i , the representative 
of the DHSF in the spin frame S' and by supposing that instead of transforming the spin connection 
as in Eq. Ht)9|) it is taken as fixed and instead of maintaining the electromagnetic potential A 
fixed it is transformed as in Eq. (|60|l . We observe that, since in the theory of the gravitational field 
uje^ is associated with some aspects of that field, our interpretation for the electromagnetic gauge 
transformation suggests a possible nontrivial coupling between electromagnetism and gravitation, if 
the Dirac-Hestenes equation is taken as a fundamental representation of fermionic matter. We will 
explore this possibility in another publication. 

6 Conclusions 

In this paper, we hope to have clarified the ontology of Dirac-Hestenes spinor fields (on a general 
spacetime 9Jl =(M, g, V, Tg, t) of the Riemann-Cartan type admitting a spin structure) and its rela- 
tionship with sums of even multivector fields (or differential forms). This has been achieved through 
the introduction of the Clifford bundle of multivector fields {Ci{M,g)) and the left (Cigp-^^a _^{M)) 
and right (C^spj^e ^{^)) spin-Clifford bundles on a spin manifold {M,g), as well as a study of the 
relations among these bundles. Left algebraic spinor fields and Dirac-Hestenes spinor fields (both 
fields are sections of C^spj^c ^{M)) have been defined and the relation between them has been estab- 
lished. Moreover, a consistent Dirac equation for a DHSF * e sec Cig^i^e ^{M) (denoted DECl^) 
on a Lorentzian spacetime was found. We succeeded also in obtaining in a consistent way a rep- 
resentation of the DEC£^ in the Clifford bundle. It is such equation satisfied by Clifford fields 
■03 G sec C£{M, g) that we called the Dirac-Hestenes equation [DHE). This means that to each 
DHSF * e sec Ct^c.^-^^. ^{M) and to each spin frame ^ G secPspinj 3(-^^) there is a well-defined even 
nonhomogeneous multivector field V'h G secCl{M,g) (EMFS) associated with Such a EMFS is 
called a representative of the DHSF on the given spin frame. And, of course, such a EMFS (the 
representative of the DHSF) is not a spinor field. With this crucial distinction between a DHSF 
and their EMFS representatives we presented a consistent theory for Clifford and spinor fields of all 
kinds. 

We emphasize that the DECl^ and the DHE, although related, are of different mathematical 
natures. This issue has been particularly scrutinized in sections 4 and 5. We studied also the local 
Lorentz invariance and the electromagnetic gauge invariance and showed that only for the DHE such 
transformations are of the same mathematical nature, something that suggests by itself a possible 
link between them. 
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A Covariant Derivatives of Clifford and Spinor Fields 

A.l Covariant Derivative of Clifford Fields 

In this appendix, (M, g, V, t^, |) denotes a general Riemann-Cartan spacetime (definition 3). Since 
C£{M,g) = tM/ J{M, g), it is clear that any metric compatible {Wg — 0) connection defined in tM 
passes to the quotient tM/J{M, g), and thus defines an algebra bundle connection ^Hl- In this way, 
the covariant derivative of a Clifford field A € sec C£{AI, g) is completely determined. 

We will find formulas for the covariant derivative of Clifford fields and of DHSF using the general 
theory of connections on principal bundles and covariant derivatives on associated vector bundles, 
as described in many excellent textbooks, e.g., (IS|.[T3 ] .[ ^ .[5n ] 1. 

Let (E, M, TTi, G, F), denoted by i? = PXpF, be a vector bundle associated to a PFB (F, M, tt, G) 
by the linear representation p of G in = V. 

Definition 51 Let cr : M D / ^ M, t i-^ <T{t) be a curve in M with xq = cr(0) G M, and let 
Po G Tr^^{xQ). The parallel transport of po along a is given by the curve a :R D I ^ P,t ^ ait) 
defined by 

|.(t).r,(|.(t)), (63) 

with Po — o'(O) and i:{a{t)) = cr(i). We also denote p\\t — ^{t)- 

In Eq. linSIl, Tp : T^M TpP is a connection!^ on (P, M, tt, G). 
Consider the trivializations of P 

: n-\U,) -^U,xG, $,(p) = (^(p), 0.,.(p)), 

and E 

Si : TTf !(;/,) -^U^x F, E,{q) = i7Ti{q),Xiiq)) = {x,Xi{q)) ■ 
Then, we have the following. 

Definition 52 The parallel transport of E E, 7ri('S'o) = xq, along the curve cr : K. D / — > M, 
1 1— > a{t), from xq ~ a{0) E M to x = a(t) is the element G E such that: 

(i) 7ri(*||t) 

(ii) x»(*||t) = p{MP\\t) ° 4(po)"^)x,(*o); 

(iii) p\\t G P is the parallel transport of po E P along a from xq to x. 

^'^See, e.g., definition (a) on page 358 of 
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Definition 53 Let v be a vector at xq tangent to the curve a (as defined above). The covariant 
derivative of ^ EsccE along v is denoted {D!^'^?)^^^ sec E and 

*)(xo) ^ *)x„ - l™ - *o), (64) 

where 'S'p is the parallel transport of the vector '^t = '^{'^(t)) of the given section G secE along 
a from a{t) to Xq. The only requirements on a are that cr(0) = Xq and 



d , . 



V. (65) 



t=Q 



Proposition 54 Let V G sec TM. The covariant derivative of a Clifford field A e secC£{M,g) is 
given by 

VvA = V{A) + ^[lov,A], (66) 

where V{A) V{A^)ej and ojy is the connection 1-form V ^ toy = —\V°'V ahc^ A e'^ , written in 
the basis {gq}, with Tabc given by Ve„e6 = Tab^Ec = TabcS". 

Proof Writing A{t) = A{a-{t)) in terms of the multivector basis {e/} of sections associ- 
ated to a given spin frame, as in section I5T^ we have A{t) = A-'{t)ej{t) = A-' (t)[{'E.{t), Ej)] = 
[iE{t),A^{t)Ei)] = [(S(i),a(i))], with a{t) A'{t)Ei e R1.3. If foUows from item (ii) of definition 
l^that 

AO, = [(S(0),g(t)a(i).g(t)-^)] (67) 
for some g{t) G Spin"j 3, with 5(0) = 1. Thus 



\unj{g{t)a{t)g{t)-'-a{0)) 



dg da dg 

"-9 +9-779 +90--' 



dt ' ' dt dt 
= a(0) + <7(0)a(0)-a(0)<?(0) = 
= V[A')Ei + [m.am. 
where 5(0) G Lie(Spini 3) = A2(Ri>3)^ Therefore 

VvA^V{A')ei + ]^[ujv,A], 

for some toy S sec f^{M). In particular, calculating the covariant derivative of the basis 1-vector 
fields Cb yields V°'Tab'^e.c = V\/efc = ^[wy, Cb], so that LOy = —^V^Tabce'' A e'^M 

Remark 55 Equation 166]) shows that the covariant derivative preserves the degree of a homoge- 
neous Clifford field, as can be easily verified. 

The general formula Eq. H66|l and the associative law in the Clifford algebra immediately yields 
the following. 

Corollary 56 The covariant derivative Vy on C£{M, g) acts as a derivation on the algebra of 
sections, i.e., for A, B sec C£{M, g) and V G secTM, it holds that 

VviAB) = {VvA)B + A{VvB) (68) 
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Under a change of gauge (local Lorentz transformation) e° i-> e'° = Ue°-U with U G 
secC^(M, g), [/[/ = UU = 1, the corresponding transformation law for ujv is as follows. 

Corollary 57 Under a change of gauge (local Lorentz transformation), LOy transforms as 

]^uov ^u]^uvU-^ + {VvU)U'^, (69) 
Proof. It is a simple calculation using Ea. H66|I .B 
A. 2 Covariant Derivatives of Spinor Fields 

The spinor bundles introduced in section 2, like I{M) — Ps-pmi .^{M) Xi I, I ~ Mi^3i(l + Eq), 
C^gpjjjc ^{M), and C^gpi,jc ^{M) (and subbundles) are examples of vector bundles. Thus, the general 
theory of covariant derivative operators on associated vector bundles can be used (as in the previous 
section) to obtain formulas for the covariant derivatives of sections of these bundles. Given ^ S 
secCfgpjjjc ^(M) and $ e secCfgpjj^e {M), we denote the corresponding covariant derivatives by 

Vf.* and Vf.$ 1^ 

Proposition 58 Given ^ e secC^pm- 3 (^'^) and $ £ secC^gpi„e ^(Af), 

V'y^ = V{^) + it^v*, (70) 

Vy$ = V{^) - ^^LUV- (71) 

Proof. It is analogous to that of proposition 1541 with the difference that Eq. (|67|l should be 
substituted by = [(S(0), 5(i)«W)] and c&j'i^ = [{^(0), a{t)g{t)-^)]M 

Proposition 59 Let V be the connection on C£{M, g) to which V* is related. Then, for any V G 
sec TM, A e sec C£(M, 5), G secC4pi„| ^ (M); and $ G secC^^pj^e JM), 

V^(A*) = AVt'* + (VyA)*, (72) 
Vt.($A) = $VyA+(Vt/$)A. (73) 

Proof. Recalling that C£^pi„. ^(M) (C^^pj^e ^ (A/)) is a module over C£{M,g), the result follows 
from a simple computation. ■ 

Finally, let 5" G secC^gpjj^e (M) be such that 5*6 = 5*, where = e G Mi 3 is a primitive 
idempotent. Then, since "ife = 5", 

Vy^'=Vy(*e)=F(*e) + icji/fe 



[y('J') + -L^y*]e - (V^*)e, (74) 



from where we verify that the covariant derivative of a LIASF is indeed a LIASF. 

18 Recall that /'(M) ^ C-^Spinf 3 (*^) -f(Af) C'^spinj gC^)- 
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